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Abstract
This is a summary of the author’s thesis. We prove a moving lemma of
algebraic cycles with modulus which implies their contravariance: Bloch-
Esnault’s additive higher Chow group turns out to be contravariant in
smooth a ne schemes; Binda-Saito’s higher Chow group with modulus
proves contravariant in smooth schemes Nisnevich locally. Our moving
method is based on parallel translation in the a ne space “with modulus”
which involves a new integer parameter s.
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Introduction
In recent years, the theory of algebraic cycles with modulus has been an attrac-
tive subject. It concerns the behavior of algebraic cycles at boundaries; more
precisely the intersection property with a chosen e↵ective Cartier divisor (called
the modulus). The notion of modulus dates back at least to class field theory.
Algebro-geometrically this concept probably started in 1952 when Rosenlicht
[Ros] introduced the divisor class group relative to a modulus (of a complete
nonsingular curve).
The current development has been initiated by Bloch and Esnault [BE] who
introduced the additive higher Chow group TCHr(X,n;m) (the definitive defi-
nition due to Park [Park]) and it has been a fruitful subject over the last decade.
It is expected to have a relation to the relative K-groups
K⇤(X ⇥ A1, X ⇥ (m+ 1){0}),
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just as Bloch’s higher Chow group CHr(X,n) is related to the K-group:
Kn(X)Q ⇠=
M
r
CHr(X,n)Q
for smooth schemes X over a field.
In the last few years there has been a movement of introducing Chow groups
with modulus: Kerz and Saito [KS] studied the Chow group of zero-cycles with
modulus for arbitrary algebraic schemes equipped with an e↵ective divisor and
showed its remarkable connection to the wildly ramified class field theory of
varieties over finite fields. Russell [Rus] defined a slightly di↵erent version earlier
and studied its relation to his Albanese variety with modulus.
Binda and Saito [BS] then defined the higher Chow group with modulus
CHr(X|D,n) for an arbitrary pair of an algebraic scheme X and an e↵ective
Cartier divisor D on it. It is defined as the homology groups of the cycle
complex with modulus zr(X|D, •). It contains all the groups above (in suitable
versions) as particular cases. It is expected as a cycle-theoretic cohomology
theory corresponding to the relative K-theory Kn(X,D).
In spite of being a candidate of a nice cohomology theory, it has been un-
known if the additive higher Chow group and the higher Chow group with
modulus are contravariant for arbitrary morphisms of smooth schemes. In the
projective case this has been settled by Krishna and Park [KP, KP2], but in the
general case (e.g. a ne) the concept “modulus” gets harder to handle.
The aim of this thesis is to provide an a rmative answer to the problem at
least locally by proving a new moving lemma. The moving lemma assures the
contravariance of the additive higher Chow group in smooth a ne schemes,
and that of Nisnevich-localized versions of Binda-Saito’s higher Chow group
with modulus in pairs (X,D) for which X \D is smooth.
Let us explain our results in slightly more detail:
Moving lemma
We will often consider pairs (X,D) consisting of an equi-dimensional scheme X
over a base field k and an e↵ective Cartier divisor D on it.
For any integer r   0, Binda and Saito ([BS, §2.1], recalled in §1) defined a
complex of abelian groups zr(X|D, •) called the codimension r cycle complex
of the pair (X,D) as a subcomplex of Bloch’s cycle complex zr(X, •) (cubical
version); in particular, elements of zr(X|D,n) are represented by cycles on
X ⇥An satisfying certain conditions. When D = ; it reduces to Bloch’s higher
Chow theory.
The complex is contravariant for flat maps. The association
(U
e´tale   ! X) 7! zr(U |D|U , •)
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defines a complex of e´tale sheaves on X. We will denote this sheaf simply by
zr(X|D, •)e´t, and similarly for weaker topologies (such as Nis., Zar.). We write
CHr(X|D,n)Nis for the n-th homology sheaf of zr(X|D, •)Nis.
Definition. For a finite collection W of constructible irreducible subsets of
X \D, define a subcomplex
zr(X|D, •)W ⇢ zr(X|D, •)
as the one which is generated by cycles V 2 zr(X|D,n) (which is by definition
a codimension r cycle on X ⇥ An) which intersect W ⇥ F properly in X ⇥ An
for every W 2 W and every face F of An. This extends to a subcomplex of
e´tale sheaves
zr(X|D, •)W,e´t ⇢ zr(X|D, •)e´t.
Theorem 1 (Moving Lemma; see Theorem 2.6). Let X be an equi-dimensional
k-scheme, D be an e↵ective Cartier divisor on it, and W be a finite collection
of constructible irreducible subsets of X \D. Assume X \D is smooth over k.
Then the above inclusion is a quasi-isomorphism in the Nisnevich topology:
zr(X|D, •)W,Nis qis,! zr(X|D, •)Nis.
Along its proof we establish the following general result:
Theorem 2 (Noether’s normalization theorem; see Theorem 2.4). Let X ! B
be an equidimensional morphism to a regular Noetherian 1-dimensional scheme
B of relative dimension d. Then locally in the Nisnevich topology on X and B,
there is a finite surjective map
X ! AdB .
This explains the need of Nisnevich localization from the technical side.
Functoriality of motivic cohomology with modulus
Binda and Saito defined the (Nisnevich) motivic complex Z(r)X|D,Nis of a pair
(X,D) as
Z(r)X|D,Nis := zr(X|D, •)Nis[2r]
where the degree shift is homological. They defined the (Nisnevich) motivic
cohomology groups of the pair as the hypercohomology groups
HnM,Nis(X|D,Z(r)) := HnNis(X,Z(r)X|D,Nis).
It is obviously contravariant for flat maps. Our moving lemma, Theorem 1,
implies its contravariance for any map of smooth schemes with e↵ective Cartier
divisors:
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Theorem 3 (Functoriality; see Theorem 3.1). Let (X,D), (Y,E) be pairs of
equi-dimensional k-schemes and e↵ective Cartier divisors on them, and assume
Y \ E is smooth. Let f : X ! Y be a map of k-schemes inducing a morphism
D ! E of schemes. Then there is a natural map
f⇤ : f 1zr(Y |E, •)Nis ! zr(X|D, •)Nis
in the derived category of complexes of Nisnevich sheaves on X. Consequently
there are natural maps of abelian groups
HnM,Nis(Y |E,Z(r))! HnM,Nis(X|D,Z(r))
and Nisnevich sheaves
f 1CHr(Y |E, n)Nis ! CHr(X|D,n)Nis.
A “projective” variant of Theorem 3, without need of Nisnevich localization,
has been proved by Krishna and Park [KP2, Th.4.3].
The contravariance in this generality can deduce a natural product struc-
ture:
zr(X|D, •)Nis ⌦ zs(X|D0, •)Nis ! zr+s(X|D +D0, •)Nis
in the derived category, inducing product structures on Nisnevich motivic co-
homology groups and Nisnevich Chow sheaves with modulus.
Additive higher Chow groups
Certain special cases of the higher Chow groups with modulus had been studied
earlier and are called the additive higher Chow groups. For these cases, our
method yields the following. The proof is omitted in this summary.
Definition. For schemes X, denote by Tzr(X, •;m) the complex of abelian
groups
Tzr(X, •;m) := zr(X ⇥ A1|(m+ 1){0}, • 1).
Their homology groups TCHr(X,n;m) are called the additive higher Chow
groups.
Given a finite set W of irreducible constructible subsets of X, write
Tzr(X, •;m)W := zr(X ⇥ A1|X ⇥ (m+ 1){0}, •  1)W⇥A1
where W ⇥A1 := {W ⇥ (A1 \ {0}) | W 2W} which is a finite set of irreducible
constructible subsets of X ⇥ (A1 \ {0}).
Theorem 4. If X is a smooth a ne scheme, then the inclusion of complexes
of abelian groups
Tzr(X, •;m)W ,! Tzr(X, •;m)
is a quasi-isomorphism for any finite set W of irreducible constructible subsets
of X.
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Corollary 5. For any map f : X ! Y from an algebraic k-scheme to a smooth
a ne k-scheme Y , there is a natural pull-back map
f⇤ : Tzr(Y, •;m)! Tzr(X, •;m)
in the derived category of complexes of abelian groups.
Theorem 4 for projective smooth Y has been proved by Krishna and Park
[KP, Th.4.1].
1 Definitions and basic facts
1.1 The cycle complex with modulus
We write ⇤1 = P1 \1 = Spec Z[z] and ⇤n := Spec Z[z1, . . . , zn], i.e. the a ne
space with a coordinate system z = (z1, . . . , zn). We will often consider it over
a base field k; in that case we mean ⇤n = Spec k[z1, . . . , zn]. We will often
consider the compactification ⇤n ⇢ (P1)n. Let F1 be the Cartier divisor on
(P1)n defined by:
F1 :=
nX
i=1
(P1)i 1 ⇥
i
ˇ{1}⇥ (P1)n i.
There are distinguished subschemes of ⇤n, called faces. Faces of ⇤n are
{zi = 0}, {zi = 1} (1  i  n) and their finitely many intersections.
Definition 1.1. Let X be an excellent Noetherian equidimensional scheme
equipped with an e↵ective Cartier divisor D. Let zr(X|D,n) be the subgroup
of zr(X ⇥⇤n) consisting of cycles V satisfying the following two conditions:
(1) (face condition): The cycle V meets every face F of ⇤n properly, i.e.
codim|V |(|V |⇥⇤n F )   codim⇤n(F ).
(2) (modulus condition): Let V be the closure of |V | in X ⇥ (P1)n and V N
be its normalization (= the disjoint sum of normalizations of the irreducible
components). We have two Cartier divisors on V
N
, the pull-backs of D ⇢ X
and F1 ⇢ (P1)n by the natural projections V N ! X, V N ! (P1)n. In this
notation the condition is: the inequality of Cartier divisors
(the pull-back of D)  (the pull-back of F1)
holds on V
N
.
If n = 0, we read (2) as |V |\D = ;. Note that the condition (2) always implies
|V | \ (D ⇥⇤n) = ;.
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1.1.1
Denote by @i,✏ : ⇤n 1 ,! ⇤n (1  i  n, ✏ = 0, 1) the embedding
(z1, . . . , zn) 7! (z1, . . . ,
i
✏ˇ, zi, . . . , zn 1).
By the face condition, we have pull-back maps
@⇤i,✏ : z
r(X|D,n)! zr(X|D,n  1).
Here, the modulus condition is preserved (so that the maps go into zr(X|D,n 
1)) by the following elementary fact.
Lemma 1.2. Let Y be an integral scheme and D1, D2 be two e↵ective Cartier
divisors. Let f : Y 0 ! Y be a morphism from an integral scheme, whose image
is not contained in |D1| [ |D2|; thus Cartier divisors f⇤D1, f⇤D2 on Y 0 are
defined. Suppose an inequality D1  D2 of Cartier divisors holds on Y . Then
we have f⇤D1  f⇤D2 on Y 0.
Proof. Let u1, u2 be representatives of D1, D2 on some open set of Y respec-
tively. The relation D1  D2 says locally there is a regular function c with
u1c = u2.
Pulling back this equation by f ,
f⇤u1f⇤c = f⇤u2.
By our hypothesis each term is not a zero-divisor. The equation says f⇤D1 
f⇤D2 holds on Y 0.
We can organize zr(X|D,n)’s to make a complex by the di↵erentials
nX
i=1
( 1)i 1(@⇤i,1   @⇤i,0) : zr(X|D,n)! zr(X|D,n  1).
Let si : ⇤n ! ⇤n 1 (1  i  n) be the i-th degenerate map (= collapsing
the i-th axis). We define zr(X|D,n)degen to be the subgroup of zr(X|D,n):
zr(X|D,n)degen :=
X
1in
s⇤i z
r(X|D,n  1).
Then zr(X|D, •)degen forms a subcomplex of zr(X|D, •). We are principally
interested in the quotient complex zr(X|D, •) = zr(X|D, •)/zr(X|D, •)degen,
called the cycle complex of the pair (X,D). The homology groups
CHr(X|D,n) = Hn(zr(X|D, •))
are called the higher Chow groups of the pair (X,D).
If D = ;, these definitions reduce to (the cubical version of) Bloch’s higher
Chow theory.
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1.1.2 The subcomplex of cycles in good position
Definition 1.3. (1) Let W be a finite set of irreducible constructible subsets
of X \D and e : W ! N be a map of sets. Define a subgroup
zr(X|D,n)W,e ⇢ zr(X|D,n)
to be the subgroup consisting of cycles V satisfying
codimW⇥F (|V | \ (W ⇥ F ))   r   e(W )
for all W 2 W and faces F of ⇤n (we will express this as: |V | and W ⇥ F
meet with excess  e(W )). When e is the constant function r, we have
zr(X|D,n)W,r = zr(X|D,n).
We define
zr(X|D,n)W := zr(X|D,n)W,0.
(2) Denote zr(X|D,n)W,edegen = zr(X|D,n)W,e \ zr(X|D,n)degen and define
zr(X|D,n)W,e to be the quotient group:
zr(X|D,n)W,e := z
r(X|D,n)W,e
zr(X|D,n)W,edegen
.
This is the same as saying zr(X|D,n)W,e is the image of the natural map
zr(X|D,n)W,e ! zr(X|D,n).
The series of groups zr(X|D, •)W,e and zr(X|D, •)W,e form complexes of
abelian groups. We write
zr(X|D, •)W := zr(X|D, •)W,0.
1.1.3 Cycle complex sheaves
For a scheme X, denote by Xet the small e´tale site over X. Suppose X is ex-
cellent Noetherian and equidimensional, and equipped with an e↵ective Cartier
divisor D. Then we can consider a presheaf on Xet
(U
et ! X) 7! zr(U |D|U , n)
(resp. zr(U |D|U , n)) which turns out to be a sheaf. We shall regard it as a
Nisnevich sheaf and denote it by zr(X|D,n)Nis (resp. zr(X|D,n)Nis).
Given a finite set W of irreducible constructible subsets of X \ D and a
function e : W ! N, we consider, for each e´tale scheme U ! X, the set
WU := { irreducible components of W ⇥X U | W 2W}
7
of irreducible constructible subsets of U and the function
eU : WU ! N
W 0 7! minW {e(W )|W 0 is a component of W ⇥X U}.
We often omit the subscript ( )U . Then we have a presheaf
(U
et ! X) 7! zr(U |D|U , n)W,e
(resp. zr(U |D|U , n)W,e) which turns out to form a subsheaf zr(X|D,n)W,e,Nis
of zr(X|D,n)Nis (resp. zr(X|D,n)W,e,Nis of zr(X|D,n)Nis).
One defines the (Nisnevich) motivic cohomology of the pair (X,D) as
HnM,Nis(X|D,Z(r)) := Hn 2rNis (X, zr(X|D, •)Nis).
It will be proved in §3 that these motivic cohomology groups are contravariant
in pairs (X,D) such that X \D is smooth over the base field.
2 Proof of Theorem 1
In this section we prove Theorem 1.
2.1 The case of a ne spaces over a discrete valuation ring
Let R be a discrete valuation ring over k and u be a uniformizer. Denote by K
the fraction field of R. Denote by  = R/(u) the residue field of R.
Theorem 2.1. Let D = Ad = (u) be the divisor on AdR = Spec(R[x1, . . . , xd])
defined by u. Let W be a finite set of irreducible constructible subsets of AdK =
AdR \D and e : W ! N be a map of sets. Then the inclusion of complexes
zr(AdR|D, •)W,e ⇢ zr(AdR|D, •)
is a quasi-isomorphism.
The proof of Theorem 2.1 is completed at the end of Section 2.1.
2.1.1 Construction of homotopy
Let R0/R be a faithfully flat extension of discrete valuation rings and a vector
v 2 AdR(R0). Let s   1 be an integer.
Define a morphism
p = pv,s : AdR0 ⇥⇤n ⇥ A1 ! AdR ⇥⇤n
by
(x, z, t) 7! (x+ tusv, z).
Given an element V 2 zr(AdR|D,n), we can define a cycle p⇤(V ) on AdR0⇥⇤n⇥A1
(= AdR0 ⇥⇤n+1).
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Proposition 2.2. Suppose given an element V 2 zr(AdR|D,n). Then there is an
integer s(V )   1 such that whenever s   s(V ), the cycle p⇤v,s(V ) on AdR0⇥⇤n+1
satisfies the modulus condition for any v.
Proof. This proposition is one of our main technical contributions. The integer
s(V ) is chosen using the the degrees of defining equations of the closed subset V
and additional data provided by the fact that V satisfies the modulus condition.
2.1.2 Proper intersection
Now we specify our choice of v. Let Rgen be the local ring of AdR at the generic
point of Ad. Its fraction field is Kgen := K(x1, . . . , xd) and its residue field
is (x1, . . . , xd). Let v = vgen 2 Ad(Rgen) be the vector corresponding to the
inclusion Spec(Rgen) ,! AdR.
Lemma 2.3. Let W be a finite set of irreducible constructible subsets of AdR \D
and e : W ! N be a map of sets. Suppose v = vgen. Then for any s   1 and
for any V 2 zr(AdR|D,n) we have:
(1) The cycle p⇤vgen,s(V ) on A
d
Rgen
⇥⇤n+1 meets every face of ⇤n+1 properly.
(2) The cycle p⇤(V )|t=1 on AdRgen ⇥ ⇤n meets WKgen ⇥ F properly for every
irreducible constructible set W of AdK (i.e. defined over K) and face F of
⇤n.
(3) If V 2 zr(AdR|D,n)W,e, the cycle p⇤(V ) meetsWKgen⇥F with excess  e(W )
for every W 2W and every face F of ⇤n+1.
Proof. The proof is more or less standard, using [Blo, Lemmas 1.1, 1.2].
2.1.3 End of proof
By Proposition 2.2 and Lemma 2.3, the canonical map
zr(AdR|D, •)W,e
zr(AdR|D, •)W
! z
r(AdRgen |DRgen , •)W,e
zr(AdRgen |DRgen , •)W
induces the zero map on homology. On the other hand, by a standard specializa-
tion argument it induces an injective map on homology. Therefore we conclude
the first complex is acyclic. Thus we have shown Theorem 2.1.
2.2 Noether’s normalization theorem over a Dedekind base
Noether’s normalization theorem asserts that a d-dimensional integral a ne
scheme of finite type over a field k admits a finite map to the d-dimensional a ne
space Adk. This theorem is often convenient to reduce a problem on an a ne
scheme to the case of a ne spaces. In this section we show that this statement
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holds over the spectrum of a Dedekind domain, locally in the Nisnevich topology.
Namely, we prove the following variant of [Lev2, 10.2.2] customized for our use.
The proof is similar to that in loc. cit. and omitted in this summary.
Theorem 2.4. Let B be the spectrum of a Dedekind ring and ' : X ! B be a B-
scheme of finite type and equi-dimensional with d-dimensional fibers. Let x0 2 X
and b0 = '(x0) 2 B. Suppose the residue field at b0 is infinite. Then there are
a ne Nisnevich neighborhoods (Y, y0) ! (X,x0) and (B0, b00) ! (B, b0) and a
commutative diagram:
(Y, y0)
✏✏
// (X,x0)
'
✏✏
(B0, b00) // (B, b0)
such that the following holds: there is a closed embedding Y ,! AnB0 such that
if we denote by Y the closure of Y in PnB0 , then Y is fiberwise dense in Y over
B0, i.e. for any b0 2 B0 the open subset Yb0 ⇢ Y b0 is dense.
A Nisnevich neighborhood of a point s 2 S on a scheme refers to an e´tale
S-scheme equipped with a point having the same residue field as that of s.
Corollary 2.5. Keep the notation from Theorem 2.4. Then after a further
(Zariski) localization of B0, there is a finite surjective B0-morphism Y ! AdB0 .
Proof. By the conclusion of Theorem 2.4, the closed subset Y \ Pn 11B0 of Pn 11B0
is equidimensional over B0 with (d   1)-dimensional fibers. Therefore after
localizing B0, there is a linear subspace LB0 of Pn 11B0 (relatively over B0) having
codimension d which misses Y \ Pn 11B0 . Then the linear projection from LB0
restricts to a finite surjective map Y ! AdB0 .
2.3 The general case
Theorem 2.6. Let (X,D) be a pair of an equi-dimensional scheme over a
base field k and an e↵ective Cartier divisor on it, W be a finite collection of
constructible irreducible subsets of X \ D and e : W ! Z 0 be a map of sets.
Assume X \ D is smooth over k. Then for any integer r   0 the inclusion of
complexes of Nisnevich sheaves
zr(X|D, •)W,e,Nis ,! zr(X|D, •)Nis
is a quasi-isomorphism.
We omit the proof of Theorem 2.6 in this summary. Basic idea is this:
Since the problem is local, we may assume the divisor D is the pull-back by
a morphism X ! A1 of the origin. By Corollary 2.5, we can find a Nisnevich
neighborhood B of the origin 0 2 A1 and a finite surjective morphism p : X !
AdimX 1B after Ninevich-localizing X (we can easily reduce the problem to the
10
case where k is an infinite field by a norm argument). We choose su ciently
general such one. We have push-forward and pull-back operations of cycles
zr(X|D, •)  zr(AdimX 1B |AdimX 1{0} , •).
Using these operations we can reduce the problem to that for the pair
(AdimX 1,AdimX 1{0} ),
where we already know the assertion is true (Theorem 2.1). For this reduction
procedure we need the intermediate subcomplexes
zr(X|D, •)W ⇢ zr(X|D, •)W,e 1 ⇢ zr(X|D, •)W,e ⇢ zr(X|D, •);
we can only proceed one by one, as opposed to §2.1 where we could compare
both ends directly.
3 Functoriality
Suppose given pairs (X,D), (Y,E) of equidimensional algebraic k-schemes and
e↵ective Cartier divisors, and a k-morphism f : X ! Y inducing a morphism
D ! E. Let V 2 zr(Y |E, n) and consider if the closed subset f 1(|V |) of
X ⇥⇤n has the expected codimension (and if it satisfies the face condition), so
that a pulled-back cycle f⇤V in zr(X|D,n) is defined.
First, the closed subset (f⇥id⇤n) 1(|V |) ofX⇥⇤n have to have codimension
  r.
Set Z i(f) ⇢ Y \ E to be the constructible subset consisting of points
where the fibers of f have dimension   i, and let Z i(f) = [µZ i(f)µ be the
irreducible decomposition. Then the previous condition is equivalent to
dim(|V | \ (Z i(F )⇥⇤n)) + i  dim(X ⇥⇤n)  r
for all i   0.
Furthermore, the pulled-back cycle (f ⇥ id⇤n)⇤V on X ⇥ ⇤n has to meet
faces of ⇤n properly. This is equivalent to
dim(|V | \ (Z i(F )⇥ F )) + i  dim(X ⇥ F )  r (1)
for all faces F of ⇤n. (The cycle (f ⇥ id)⇤V satisfies the modulus condition
automatically from the fact that f restricts to a morphism D ! E.)
The condition (1) can be stated equivalently as follows:
codimZ i(f)µ⇥F (|V | \ (Z i(f)µ ⇥ F ))   r   (dimX   dimZ i(f)µ   i).
Therefore if we put W = {Z i(f)µ}i,µ , a finite set of irreducible constructible
subsets of Y and set a function on W as
e(Z i(f)µ) = dimX   dimZ i(f)µ   i (  0),
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then our condition is equivalent to V 2 zr(Y |E, n)W,e. So we have a diagram
of complexes
zr(Y |E, •)   zr(Y |E, •)W,e f
⇤
 ! zr(X|D, •)
which extends to a diagram of sheaves
zr(Y |E, •)Nis   zr(Y |E, •)W,e,Nis f
⇤
 ! f⇤zr(X|D, •)Nis
on Y (equivalently, a diagram
f 1zr(Y |E, •)Nis   f 1zr(Y |E, •)W,e,Nis f
⇤
 ! zr(X|D, •)Nis
on X). By Theorem 2.6 the left two complexes are quasi-isomorphic in the
Nisnevich topology. Thus we have shown:
Theorem 3.1. Suppose given pairs (X,D), (Y,E) of equidimensional algebraic
k-schemes and e↵ective Cartier divisors, and a k-morphism f : X ! Y inducing
a morphism D ! E.
Then there is a natural pull-back map
f 1zr(Y |E, •)Nis f
⇤
 ! zr(X|D, •)Nis
in the derived category of complexes of Nisnevich sheaves on X.
Therefore we have the contravariance of the motivic cohomology groups
Hn(X, zr(X|D, •)Nis).
Using this we can deduce a product structure on them:
Lemma 3.2. For any pairs (X,D), (Y,E) of equidimensional k-schemes and
e↵ective Cartier divisors, there are obvious external product maps
⇥ : zr(X|D,m)⇥ zs(Y |E, n)! zr+s(X ⇥ Y |(D ⇥ Y ) + (X ⇥ E),m+ n)
(V,W ) 7! (the cycle associated with) V ⇥W.
Proof. It follows directly from the definitions.
An appropriate signed sum of the above maps gives a map of complexes
⇥ : zr(X|D, •)⌦ zs(Y |E, •)! zr+s(X ⇥ Y |(D ⇥ Y ) + (X ⇥ E), •).
Corollary 3.3. Let X be an equidimensional k-scheme and let D,D0 be two
e↵ective Cartier divisors on X such that X \ (|D|\ |D0|) is smooth. Then there
is a natural intersection product map
zr(X|D, •)Nis ⌦ zs(X|D0, •)Nis ! zr+s(X|D +D0, •)Nis
in the derived category of complexes of Ninevich sheaves on X.
Proof. We use the previous lemma and the pull-back by the diagonal X ,!
X ⇥X which exists Nisnevich locally by Theorem 3.1.
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